We explore a special class of varieties of (n, m)-semigroups called vector varieties of (n, m)-semigroups. In [8] we gave a direct description of the complete system of (n, m)-identities for a variety of (n, m)-semigroups. Now we obtain some properties of the complete system of (n, m)-identities for vector varieties of (n, m)-semigroups satisfying certain conditions. As a consequence, we give a characterization of such varieties. We also show that the class of vector varieties of (n, m)-semigroups is a proper subset of the class of varieties of (n, m)-semigroups (when m ≥ 2). We give necessary and sufficient conditions for a variety of (n, m)-semigroups to be a vector variety.
Introduction
Vector valued algebraic structures are a generalization of the usual binary, i.e. (2, 1) algebraic structures. The theory of (n, m)-structures starts with defining the notion of an (n, m)-semigroup, that is a set having a multivariable vector-valued associative operation (see for example the expository paper [2] ). This notion was introduced in [1] . A canonical form of a free (n, m)-semigroup generated by a nonempty set B is given in [4] . This led to the introduction of a combinatorial theory of (n, m)-semigroups (see [3] ), which was followed by new interesting investigations and results (see for example [5] , [6] , [7] ). The results in this paper contribute to the combinatorial theory of (n, m)-semigroups and hopefully to its future development, especially in varieties of (n, m)-semigroups.
Throughout the sequel we assume that Q = ∅, n, m ∈ N and n−m = k ≥ 1. We denote by N 0 the set N ∪ {0}, and by N t and N t,0 the sets {1, 2, . . . , t} and {0, 1, 2, . . . , t}, t ∈ N. If x = (a 1 , a 2 , . . . , a t ) ∈ Q t (where Q t is the cartesian product of t copies of Q), we write x = a t 1 , and we identify x with the word a 1 a 2 . . . a t . For such an x we say that its length |x| is t. The notation a t r where r > t will be identified with the empty word (denoted by 1). Let Q + be the union of all the cartesian products Q t , t ∈ N, which is the free semigroup generated by Q.
We denote the set {x|x ∈ Q + , |x| = m + sk, s ∈ N} by Q m,k . A map f : Q n → Q m is called an (n, m)-operation on Q, and (Q, f ) is called an (n, m)-groupoid. An (n, m)-groupoid (Q, f ) is called an (n, m)-semigroup, if the (n, m)-operation is associative, i.e. if f (xf (y)z) = f (uf (v)w), for any xyz = uvw ∈ Q n+k , y, v ∈ Q n and x, z, u, w ∈ Q * = Q + ∪ {1}. For m = 1 = k, the above notions are the usual notions of binary groupoids and semigroups, and for m = 1, k > 1 they are the notions of n-groupoids and n-semigroups.
From now on we will assume that m ≥ 2. An (n, m)-groupoid (Q, f ) can be considered as an algebra with m n-ary
. These operations f 1 , f 2 , . . . , f m are called component operations for the (n, m)-operation f . In general, for an associative (n, m)-operation f , the corresponding component operations do not have to be associative. This implies that there is a big difference between studying (n, m)-semigroups and n-semigroups.
Given an (n, m)-groupoid (Q, f ) the component operations f j : Q n → Q, j ∈ N m can be extended to an infinite family of operations f j,s : Q m+sk → Q for s ∈ N, where for a given s, there are more than one operation f j,s . When (Q, f ) is an (n, m)-semigroup, for each s ∈ N, there is only one operation f j,s : Q m+sk → Q whose union is a map f j : Q m,k → Q. This leads to the following notions.
A map g : Q m,k → Q m is called a poly-(n, m)-operation and the struc-
Remark 1.1. There is no essential difference between the notions of (n, m)-semigroups and poly-(n, m)-semigroups, due to the General Associative Law which holds in (n, m)-semigroups. (For more details see [4] , [2] ).
Similarly as above, a poly-(n, m)-groupoid (Q, g) can be considered as an algebra with m poly-n-ary operations, g 1 , g 2 , . . . g m : Q m,k → Q where g(x) = g 1 (x)g 2 (x) . . . g m (x). It is easy to see that the usual notions of universal algebra can be extended to [poly-](n, m)-structures. Thus, they will be considered well known.
We recall the construction of a canonical form of a free poly-(n, m)-groupoid F(B) = (F (B), f ) with a basis B = ∅ (see [4] , [5] ).
Hierarchy of the elements of F (B) is a map χ :
. The norm on F (B) is a map : F (B) → N defined by induction on the hierarchy: u = 1 for u ∈ B 0 and (i, u
We recall the construction of a canonical form of a free (n, m)-semigroup generated by a nonempty set B ( [4] ). Define a map ψ 0 : Consider the set ψ 0 (F (B)) = {u ∈ F (B) | ψ 0 (u) = u} and define a poly-
).
This work concerns varieties of (n, m)-semigroups i.e. we investigate a special class of varieties of (n, m)-semigroups called vector varieties of (n, m)-semigroups. For that purpose we make the following remarks. 
Varieties of (n, m)-semigroups
A class of (n, m)-semigroups is said to be a variety of (n, m)-semigroups if it has an axiom system which is a set of identities. We recall the definition of an identity in the class of poly-(n, m)-groupoids ( [3] ).
Consider the free poly-(n, m)-groupoid F( N) with a basis N.
there exists a smallest t ∈ N such that τ ∈ F (N t ) and the element τ defines a t-ary operation on Q (denoted by τ ) as follows:
For q ∈ N and q > t it is clear that τ ∈ F (N q ) and τ defines a q-ary operation on Q as well, which we also denote by τ . (It is easy to verify that τ (a
We say that the poly-(n, m)-groupoid Q satisfies the (n, m)-identity (τ, ω), and write Q |= (τ, ω), if τ (a) = ω(a) for any a = a
t . An (n, m)-identity (τ, ω) is said to be reduced, if ψ 0 (τ ) = τ and ψ 0 (ω) = ω. The only reduced (n, m)-identity satisfied by all (n, m)-semigroups is the trivial (n, m)-identity (τ, τ ). Also, every (n, m)-semigroup G satisfies the identity (τ, ψ 0 (τ )), τ ∈ F (N). (For more details see [3] ). As a consequence, we get
Then we say that Θ is a set of (n, m)-identities. By V arΘ we denote the class of all (n, m)-semigroups G such that G |= Θ, where G |= Θ ⇐⇒ G |= (τ, ω) for every (τ, ω) ∈ Θ. We say that V arΘ is a variety of (n, m)-semigroups generated by Θ. A class of (n, m)-semigroups V is a variety if and only if (iff) there exists a set of (n, m)-identities Θ such that G ∈ V ⇐⇒ G |= Θ. (In this case, V = V arΘ).
Since we explore varieties of (n, m)-semigroups, we are interested only in (n, m)-identities satisfied by poly-(n, m)-groupoids that are (n, m)-semigroups.
By Corollary 2.1 and the results in [3] , for a given (n, m)-identity (τ, ω) we can always assume that (τ, ω) ∈ ψ 0 (F (N)) × ψ 0 (F (N)) i.e. that (τ, ω) is reduced.
From now on, an (n, m)-identity will always be a reduced (n, m)-identity.
In [8] we gave a description of the complete system of (n, m)-identities for a variety V arΘ, that is the set of all (n, m)-identities satisfied by all (n, m)-semigroups in V arΘ. We recall its construction.
Consider the free (n, m)-
We denote by Θ the smallest congruence on ψ 0 (F( N)) which contains the set Θ(ψ 0 (F (N)) ). Bellow we give its description. First define relations
Then Θ is the reflexive and transitive closure of ∼ Θ i.e. u Θ v iff u = v or there exists a sequence u 0 , u 1 , . . . , u r−1 , u r ∈ ψ 0 (F (N)) such that u = u 0 , v = u r and u j−1 ∼ Θ u j for all j ∈ N r (r ≥ 1). Sometimes instead of α Θ , Θ and ∼ Θ we will use the notations α , and ∼ (for the cases when it is clear what is the set of the (n, m)-identities).
Theorem 2.2 ([8]).
The set Θ is a complete system of (n, m)-identities for V arΘ and it consists of all (n, m)-identities satisfied by all (n, m)-semigroups in V arΘ. 3 Vector varieties of (n, m)-semigroups
The idea of defining vector (n, m)-identities arises from the notion of vector (n, m)-relations on a nonempty set B (for more details see [3] ).
Definition 3.1. Let p = m+sk, q = m+rk, where s, r ≥ 0 and let (i
, r ≥ 0} then we say that Θ is a set of vector (n, m)-identities.
Every vector (n, m)-identity
We say that Θ # is a set of vector (n, m)-identities induced by Θ . From now on, by a set of vector (n, m)-identities we will usually mean an induced set Θ # ⊆ ψ 0 (F (N))×ψ 0 (F (N)) where Θ ⊆ N + ×N + is a corresponding set of vector (n, m)-identities in terms of Definition 3.1.
Definition 3.2.
A variety of (n, m)-semigroups V is said to be a vector variety of (n, m)-semigroups, if there exists a set of vector (n, m)-identities Θ # such that V = V arΘ # . If (τ, ω) ∈ M then there exist some j ∈ N m and w, z ∈ N m ∪ N m,k such that τ = (j, w), ω = (j, z) and
Proof. (⇒). Let V arΘ be a vector variety of (n, m)-semigroups. Then V arΘ = V arΘ # for some set of vector (n, m)-identities
by taking M = Θ # we get a nonempty set M ⊆ Θ # = Θ, that satisfies the condition 1). Since M = Θ # , the condition 2) is satisfied as well.
(⇐). Let V arΘ be a variety of (n, m)-semigroups and let M ⊆ Θ be a nonempty set that satisfies the conditions 1) and 2). The condition 1) implies that M is a union of sets {((i, w), Bellow we explore the properties of the complete system of (n, m)-identities for vector varieties of (n, m)-semigroups such that all (nontrivial) identities (i p 1 , j q 1 ) ∈ Θ satisfy the condition p, q > m. Then we give a characterization of such varieties. Lemma 3.6. Let V arΘ # be a vector variety of (n, m)-semigroups such that
) ∈ Θ and j ∈ N m . Since p, q > m and the mapping ψ 0 does not change the first coordinate nor will reduce (to m) the length of the second one, and since we have that (ψ 0 (i,
, it follows that the lemma is valid on the set 0 . (Also, note that (τ, ω) ∈ 0 implies τ, ω / ∈ N). Next, if (τ, ω) ∈ α for some α ≥ 1, then τ = ψ 0 (j, wu z) and ω = ψ 0 (j, wv z)
where j ∈ N m , u α−1 v , w, z ∈ F (N) + ∪ {1} and |wu z| = |wv z| > m. Just like above, we conclude that τ and ω will have equal first coordinates while the lengths of their second coordinates will be greater than m (and thus τ, ω / ∈ N). Applying the definition of the relations α , we also get that (ψ 0 (i, wu z), ψ 0 (i, wv z)) ∈ α for all i ∈ N m . Hence, the lemma is valid on the sets α , α ∈ N 0 , and so, it is valid on the set and on the set ∼ as well. Moreover, (τ, ω) ∈ ∼ implies τ / ∈ N and ω / ∈ N. Let (τ, ω) ∈ Θ # . If τ = ω / ∈ N then τ = (j, x) = ω for some j ∈ N m where |x| > m (Remark 1.4), and clearly ((i, x), (i, x)) ∈ Θ # for all i ∈ N m . Let τ = ω. The case when (τ, ω) ∈ ∼ is proven, so let τ ∼ z 1 ∼ z 2 ∼ . . . ∼ z c−1 ∼ ω where c ≥ 2. Since the lemma is valid for the elements (τ, z 1 ), (z 1 , z 2 ) , . . . , (z c−1 , ω) respectively, there exists some j ∈ N m such that τ = (j, x), ω = (j, y) and |x|, |y| > m. (Hence, τ, ω / ∈ N). Moreover, we have that the first coordinate of the elements z 1 , z 2 , . . . , z c−1 is j, and the second one has a length greater than m. Now, for each i ∈ N m we construct sequences which correspond to the sequence (j, x), z 1 , z 2 , . . . , z c−1 , (j, y) as follows: We put the first coordinates of the elements above to be i (instead of j), while the second coordinates remain the same. Then, having τ ∼ z 1 ∼ z 2 ∼ . . . ∼ z c−1 ∼ ω and since the lemma is valid for ∼, we conclude that for each i ∈ N m the obtained sequences will link the elements (i, x) and (i, y) by Θ # . 
The example bellow shows that the class of vector varieties of (n, m)-semigroups is a proper subset of the class of varieties of (n, m)-semigroups (when m ≥ 2). F (N) ), the set 0 Θ does not contain pairs (l, z) or (z, l) where l ∈ N and z ∈ ψ 0 (F (N) ). This follows from the definition of Θ(ψ 0 (F (N) ) and the fact that the mapping ψ 0 does not reduce (to m) the length of second coordinate. The same is true for all α Θ , α ≥ 1, which follows by their definitions and the above property of ψ 0 . Consequently, there is no z ∈ ψ 0 (F (N)) such that i j Θ z or z Θ i j , and therefore there is no z ∈ ψ 0 (F (N)) such that i j ∼ Θ z. All this is a contradiction. If we assume that Θ contains a nontrivial identity (i 
